We derive the bulk-boundary correspondence for three-dimensional topological insulators with quantized magneto-electric responses using operator algebraic methods. Both the exponential and the index connecting maps of K-theory are used to predict several surface phenomena when halved samples are driven in adiabatic cycles, such as pumping and transfer of Hall states. The surface Hall physics of time-reversal symmetric topological insulators, as well as related anomalous quantum Hall and axion insulators, are investigated using the new tools.
Introduction
The total variation ∆P of the electric polarization during an adiabatic cycle {H(t)} t∈S 1 of a gapped three-dimensional (3D) lattice Hamiltonian can be computed as [35] :
where T is the trace per volume, P G := {P G (t)} t∈S 1 the collection of spectral projections of H(t) onto the spectrum below the gap, ∂ 0 the derivation with respect to time and X i the i-th component of the position operator. The above expression is particularly interesting because the right hand side is nothing else but one of the weak Chern invariants that can be associated to P G . The magneto-electric response tensor is defined as α i,j = ∂P i /∂B j , where B is an externally applied magnetic field, and under an adiabatic cycle [16, 28] :
where j and k are chosen such that i = j = k. The above relation shows that the total variations of the diagonal elements ∆α i,i are all equal. For this reason, we will use the notation ∆α ME . Furthermore, on the right hand side of (1.2), one can recognize the unique strong Chern invariant associated to P G , which, as opposed to its weak counterparts, is known to be quantized and robust against strong disorder [1, 26] . The present study investigates the surface physics induced by a non-trivial value of ∆α ME .
For a 3D time-reversal symmetric (TRS) topological insulator, ∆α ME is an odd number whenever the cycle is mapped into itself by the time reversal operation and the cycle connects the topological insulator with a trivial one [16] . In particular, it cannot be zero. This topological magneto-electric effect emerged as one of the fundamental characteristics of 3D TRS topological insulators [30, 10, 11, 19, 24] and several experimental measurements of the quantized magneto-electric effect were proposed [31, 36, 18, 22, 21] . Experimental efforts towards a direct observation of the quantized topological magneto-electric effect have been undertaken [40, 20] but this goal remains elusive. The magneto-electric response was also predicted to have measurable quantum magneto-optical effects, specifically via
Faraday and Kerr rotations [36, 18] , and these effects were later measured in topological insulator thin films [23, 39, 9] . In addition, quantized magneto-electric effects exist in many classes of 3D topological phases, including inversion symmetry protected insulators [17] and glide symmetric crystalline insulators [37] .
The surface physics of 3D TRS topological insulators, and the ones just mentioned, is quite rich precisely due to the topological bulk magneto-electric responses. For example, when time reversal symmetry is broken at the surfaces, quantized Hall effect can occur even in the absence of magnetic fields. Such quantized anomalous Hall effect was predicted to exist in magnetically doped topological insulators [42] and was then experimentally observed [6, 7] . The Landau quantization of topological surface states under a magnetic field was observed in Bi 2 Se 3 [8, 12] . Later on, a ladder of odd integer quantum Hall plateaus have been observed in topological thin films under magnetic fields [43, 41] , providing evidences of half-integer Hall quantization for the individual surfaces of the film.
In this work, we identify the topological quantized surface effects for adiabatically driven 3D insulators using the connecting maps of the K-theory. These maps allow for a rigorous and comprehensive connection between the topology of the bulk and boundary observables.
Initiated in the pioneering work [33, 14] , where the bulk-boundary problem for the integer quantum Hall effect was solved, the K-theoretic formalism has been extended to cover the entire classification table of topological condensed matter [28, 2] , as well as many additional quasi-periodic and aperiodic systems [13, 29] . An important development is the application of the formalism to Floquet topological insulators [34] , which is related to our investigation. There are similarities but also differences in the computations performed in the two studies. For example, the boundary-maps involving the suspension algebra are initiated from the K 1 -group in [34] , while in our case from K 0 -group. The physical interpretation and predictions are of completely different nature in these two studies.
Formalism

Bulk physical observables. We study covariant families of lattice Hamiltonians
H ω indexed by a configuration space Ω. The latter is endowed with a compact and
Hausdorff topology and a continuous action of the lattice translations, namely a group homomorphism τ : Z 3 → Homeo(Ω). The effect of magnetic field is implemented by the flux matrix Φ, in which case the covariance property reads:
where U 's represent the magnetic lattice translations, given by:
with X the position operator and S a the shift operators S a |n = |n + a . Also, ·, · represents the Euclidean scalar product. Taking into account for N internal degrees of freedom, the Hilbert space is H = C N ⊗ 2 (Z 3 ) and the generic covariant Hamiltonians take the form:
where C N (Ω) is the algebra of continuous functions over Ω with values in the algebra M N (C) of N × N matrices with complex entries. The sum over q in (2.3) runs over a finite subset of Z 3 to ensure a finite range hopping of the Hamiltonians. The disordered phase is assumed to be thermodynamically pure. Therefore the Gibbs probability measure P on Ω, which comes from the atomic degrees of freedom (see [15] for quantitative discussion), is τ -invariant and ergodic. This ensures that the intensive thermodynamic coefficients, obtained as traces per volume, do not fluctuate from one disorder configuration to another.
Also, the spectra Spec(H ω ) are P-almost sure independent of ω.
The covariant Hamiltonians can be generated from the universal C * -algebra:
with the commutation relations:
where τ j is the action of the generators of Z 3 on Ω. The algebra admits a canonical representation:
3) as its operator representation. There is a continuous action of the 3-torus ρ : T 3 → Aut(A 3 ) given by:
whose generators provide three derivations ∂ j , j = 1, 2, 3. Furthermore, the measure on Ω can be promoted to a continuous normalized trace on A:
where tr is the ordinary trace on M N (C). This trace is ρ-invariant and computes the trace per volume of the covariant physical observables.
Our interest is not in the static setting but in cyclic deformations of the Hamiltonians, steaming from infinitely slow changes in the hopping functions h q . In this new setting, the hoppings are maps from S 1 to C N (Ω). The algebra which generates such families of adiabatic Hamiltonians is simply A 3 = C(S 1 , A 3 ), and its elements will be indicated by bold letters. For this algebra, there is an additional 1-torus action, which acts as a(t) → a(ξt) and whose generator provides the additional derivation ∂ 0 . The trace can then be extended to A 3 as:
where dt denotes the unique translation invariant and normalized measure on S 1 . It commutes with the action of the 4-torus generated by ∂ j , j = 0, 1, 2, 3. As a consequence, we have the following general results [4] :
be a projection and J ⊆ {0, 1, 2, 3} of even cardinality.
Then the even Chern numbers:
be a unitary element and J ⊆ {0, 1, 2, 3} of odd cardinality, then the odd Chern numbers:
is invariant against smooth deformation of u. Above, S J is the group of permutations over J, Λ J is a fixed normalization constant as in [28] , and C ∞ indicates the sub-algebra of infinitely differentiable elements. T is implemented on the Hilbert space of the lattice by an anti-unitary operator. If we resolve the spin degrees of freedom, i.e. we make the isomorphism C 2N C 2 ⊗C N explicit, then:
where K is the complex conjugation on C 2N ⊗ 2 (Z 3 ):
with the bar indicating the ordinary complex conjugation.
Whenever the time-reversal symmetry is assumed, the flux matrix Φ is automatically set to zero. In such cases, the time-reversal operation acts on the Hamiltonians as:
This drops to an automorphism of the algebra A 3 :
as one can easily verify that π ω (T (h)) = T π ω (h)T −1 .
Later, we will consider gapped adiabatic deformations which connect time-reversal symmetric Hamiltonians. These are always chosen such that H ω (2π −t) = T H ω (t)T † . In other words, we will consider elements h ∈ A 3 such that h(2π − t) = T h(t) . In general, the deformations break time-reversal symmetry except at two time-reversal symmetric points t = 0/π, where h(0) = T h(0) and h(π) = T h(π) are automatically satisfied.
2.3.
Half-space and boundary physical observables. Our investigation focuses on the physics occurring at the surfaces of such systems, more precisely, when the bulk Hamiltonians are restricted to half of the space H = C N ⊗ 2 (Z 2 × N):
Here, Π : 2 (Z 3 ) → 2 (Z 2 × N) is the standard partial isometry and H ω is a boundary Hamiltonian localized at the surface, modeling some arbitrary boundary condition. On the half-space, the shift operator S 3 acting along the third direction x 3 is no longer unitary:
where P 0 = n∈Z 2 |n, 0 n, 0| is the projection onto the boundary. For the static case, this reduces to the half-space algebra A 3 defined as the universal C * -algebra:
with the same commutation relations as for the bulk algebra except forû * 3û 3 = 1 −ê, whereê a proper projectionê 2 =ê * =ê = 1. The half-space algebra accepts the following canonical representation:
which generates all physical half-space Hamiltonians [28] . Inside A 3 , there is the ideal A 3 made up of elementsâêâ for someâ,â ∈ A 3 . Such elements are localized near the boundary when represented on the physical space, hence A 3 is called the boundary algebra [28] . Given a bulk Hamiltonian h ∈ A 3 , its corresponding half-space Hamiltonian with the Dirichlet boundary condition Ππ ω (h)Π is generated by:
By adding any elementh from A 3 toĥ D , we can change the Dirichlet into any other boundary condition. Hence the formalism is completely general. An important relation established in [28] is the isomorphisms between
There is still a 2-torus action on A 3 which defines the derivations∂ 1 and∂ 2 . A lower semi-continuous trace, invariant to the 2-torus action, can be defined by:
The adiabatic families of operators, for both half-space and boundary, can be generated from the algebras A 3 = C(S 1 , A 3 ) and A 3 = C(S 1 , A 3 ), respectively. As for the bulk case, we can define an additional 1-torus action on A 3 , which supplies the derivation∂ 0 . This trace can be canonically extend to T over A 3 . As a result, Chern numbers can be defined for projections and unitary operators and the statement 2.1 holds.
The engine of bulk-boundary correspondence. The algebras of observables
A 3 , A 3 , A 3 and A 3 can be connected via exact sequences. Our goal here is to derive the commutating diagram 2.27 between the K-theories of the bulk and the boundary, as well as the associated connecting maps. One well-known short exact sequence of C * -algebras, connecting the algebras, is [28] :
where i is the inclusion map and the evaluation map is simply ev(û j ) = u j . Another sequence is [28] :
where S indicates the suspension of the algebra and the evaluation map is ev(a) = a(0).
Similar sequences exist for the suspensions of A 3 as well as A 3 . They can all be combined as:
Every exact sequence of C * -algebras:
induces a six-term exact sequence among the K-theories:
.
When applied to (2.24) , it leads to the commutative diagram:
which will be our main tool to derive the bulk-boundary correspondence.
We recall that our starting point is an adiabatic family of bulk gapped Hamiltonians
and together with the constant projection in A 3 defined by the evaluation at t = 0, p G (t) = p G (0), they define an element:
which encodes the topological data about (h, G). According to (2.27) , this information may be stored at the boundary in an element from
. There are two routes to explore the boundary physics, either through Exp or Ind • θ −1 . As we shall see in the following chapters, these routes are complementary in the sense that they lead to different physical experiments and theoretical statements.
Pumping of surface Hall states
We use the exponential map to resolve the spectral flow at the surface of a 3D insulator under an adiabatic cycle. Using well known relations between various topological invariants, we list three interesting physical phenomena taking place at the surface. A and imposing periodic boundary conditions. It is immediate to see that the spectrum Spec ĥ A (t) ∩ G consists of discrete eigenvalues. Let E : S 1 → R be continuous and such that E(t) ∈ G(t), but otherwise arbitrary. Then the net spectral flow per adiabatic cycle is defined as:
where N ± count the number of times an eigenvalue ofĥ A (t) crosses the curve E(t) from below/above, respectively, during the full cycle t ∈ S 1 . 
with the unitary elements on the right defined by:
where f : R → R is a non-decreasing smooth function taking values 0/1 below/above G.
The function f is arbitrary except for these constraints, in particular its entire variation can be concentrated around any point of G. One can convince himself thatũ G − 1 and u G − 1 belong to A 3 , and in fact to C ∞ ( A 3 ). There is abundant information about these elements.
Proposition 3.3. The following statements hold:
iii) From [28] [p. 139]:
As a results, if: and Ch {0,1,2} (ũ G ) accept index theorems [26, 27] . These theorems were used in [28] to prove Anderson delocalization of the boundary states in the complex classes of topological phases in the periodic table. We are optimistic that a similar computation can be carried in the present context. It is left to the future because it requires involved technical estimates.
Note also that in the presence of a magnetic field, the weak topological invariants are no longer integers. The range of these invariants has been computed in [28] [Ch. 5.7] . ♦ Now assume a non-trivial change in the bulk magneto-electric response coefficient:
When the magnetic field perpendicular to the surface is non-zero, φ 12 = 0, the identity A detailed picture of this spectral flow can be obtained when φ 12 = 0 and the disorder is weak. In this case, the boundary spectrum ofĥ(t) consists of Landau levels. Since we are not dealing with uniform systems but crystals, the Landau levels have finite widths. They can still be rigorously defined as isolated islands of spectrum whose spectral projectors belong to the K 0 -class [ẽ {1,2} ] 0 (the same notation as [28] [Sec. 4.2.3]). It is a well-known fact, coming from both simulations and experiments [8, 12] , that the boundary spectrum splits into such Landau levels. In Fig. 1(b) we consider the case of weak magnetic field when the width of Landau levels can be ignored and the flow of the Landau levels are drawn as curves. In the case when the system is a trivial/topological insulator at t = 0/π, Ch {0,1,2,3,4} (p G )
is necessarily an odd integer. In Fig. 1(b) we assume Ch {0,1,2,3,4} (p G ) = 1. The first thing to notice is the trajectory of the middle Landau level which is connected to the first band below and above. In fact, all the Landau bands in the picture are connected into one single band that flows from Spec − (h) to Spec + (h). For the reader's convenient, we show in Fig. 1(b) an energy level and a count of M ± . No matter where we place this energy level, the difference M + − M − will always equal to 1.
The spectral flow shown in Fig. 1(b) can be easily understood starting from the physics of 2D Dirac systems in a uniform magnetic field. If at t = π the topological insulator displays a single Dirac cone on the surface, then the mid Landau level is precisely the In the absence of a magnetic field, the adiabatic path is time-reversal symmetric (TRS) h(−t) = T (ĥ(t)). If the magnetic flux φ 12 is turned off and turned on with the opposite sign, the flow of the Landau levels will be the mirror reflection of the flow seen in Fig. 2, relative to the TRS points t = 0 and t = π. At φ 12 = 0 the topological gap-closings must occur symmetric relative to the TRS points. From this observation, one can see the major difference between odd and even bulk Chern numbers: If the value is odd, then there is at least one topological gap-closing at one of the TRS points. That is precisely the topological TRS-stabilized phase and now we have yet another way to see why this phase has un-gapped boundary spectrum. Our analysis is completely independent of the boundary conditions as the only assumption is that they respects the TRS operation. (3) The first TRS-stabilized topological insulator was an Bi-Sn alloy displaying five Dirac cones in the surface spectrum. This indicates that ∆α ME = 5 when it is connected to a topologically trivial phase. Under deformations of the crystal, only one Dirac cone is stable. Where do the other cones go? Our answer is that they will be found again in the surface spectrum if the system is taken in the adiabatic cycle which connects to a trivial phase.
Surface Hall effect
In this chapter, we first explain qualitatively why the Hall response of the surface of a time-reversal stabilized topological insulator is quantized to half-integers. While the half-integer quantization of a Dirac cone can be established via a direct computation [38] , we use a symmetry argument here. After reviewing the experimental evidences of various surface Hall effects, we demonstrate how those findings can be derived using the tools developed in the previous section.
4.1.
Half-integer quantum Hall effect. Let us start by stating that the Hall conductance of a halved sample is not a well-defined physical observable. Indeed, there is no self-averaging principle for this quantity, hence its value will fluctuate from one surface/disorder configuration to another. This is primarily because the bulk and the surface responses are mixed together. However, there is an idealistic limit where the Hall response of the surface can be separated, and this happens when the bulk gap is very large, practically infinite. In this limit and in the absence of disorder, the quantum dynamics of the surface states of an ideally halved sample is generated by the 2D Dirac operator: levels for a slab sample subjected to a perpendicular magnetic field. For the sake of the argument, we choose the case when ∆α ME = 3 per adiabatic cycle but the main conclusion will be the same for any odd ∆α ME . In such cases, there is an odd number per surface of Landau levels flowing through the central region of the bulk gap, as we have already seen in Fig. 2 . The flow on the opposite surfaces is in opposite directions and, every time the Fermi level crosses an upward/downward moving Landau level, the Hall conductance changes by ±1. As such, if we start from a trivial/topological insulator at t = 0/π and assume that the top/bottom Landau levels are aligned at t = π, then σ H is necessarily an odd integer, as illustrated in Fig. 3 hence the side surfaces are also gapped. These two cases correspond to the quantum anomalous Hall insulator [6, 7] and the axion insulator [40, 20] , both have been measured in experiments, respectively.
We start the discussion with anomalous Hall insulators. Suppose in our adiabatic cycle, we connect our system with trivial/magnetic topological insulators at t = 0/π. This is equivalent to introducing small magnetizations on the top and the bottom surfaces of the topological insulator at π in the setup of previous section 4.1. The magnetizations act as
small perturbations that open a surface gap on each surface. As a result, the Weyl point of a Dirac cone is slightly shifted by δ in the t space as illustrated in Fig. 4(a) . When the magnetic field is turned on, the Landau bands are slightly bended. In particular, the chiral Landau flow crosses the Fermi level at t = π − δ. As argued in the last section, this leads to a half-integer quantized Hall effect at t = π when a Fermi level is fixed in the surface gap. When the magnetization of the bottom surface is in parallel to the magnetization of the top, its Weyl point will be shifted to the opposite direction as illustrated in Fig. 4(c) . an odd-integer at π. When the magnetic field is turned off, we can conclude that a Chern number one, therefore an integer quantized Hall plateau, will be observed in the surface gap on a anomalous Hall insulator at t = π.
The same argument can repeat for axion insulators. Suppose the top and bottom magnetizations of the magnetic topological insulator, at t = π, are anti-parallel to each other in our slab system. In this case, both the top and bottom surface Weyl points will shift by δ into the same direction in t space. Then the Landau flows will be slightly bended in same direction in t, such that they cross the Fermi level at π − δ. As shown in Fig. 4(b) , the Hall contributions from the top and bottom Landau flows will cancel each other and the Chern number is zero at t = π. We then conclude that a zero Hall plateau will be formed on an axion insulator at t = π during an adiabatic cycle of our system.
Transfer of surface Hall States
Now we explore the surface physics by following the second route of the diagram (2.27).
The main technical achievement is the computation of the index map. This computation (surface coupling) leads us to the physical experiment illustrated in Fig. 5 . It involves two copies of the halved crystal, which are driven in opposite adiabatic cycles. The surfaces of these two copies are coupled by a surface-to-surface potential:
As a result, we have an adiabatic cyclic evolution of the combined systems, driven by the cyclic Hamiltonians:
The role of the surface-to-surface potential is to ensure that the spectra of f (t) are all gapped at G. This is the typical scenario when the surfaces are placed in close proximity.
The index computation will show that Hall states transfer from one surface to the other when the systems are taken in a nontrivial adiabatic cycle ∆α ME = 0.
5.1.
Computation of the connecting maps. Key to the computation is the notion of monodromy of a projection. It will be used in several contexts, we provide below a generic definition.
Definition 5.1. For a C * -algebra A and a projection p = {p(t)} t∈S 1 ∈ C(S 1 , A), we call the unique solution v t ∈ A of the equation:
the monodromy of p. It is a partial isommetry satisfying the identities:
In particular, v 2π + 1 − p(0) is a unitary element from A.
is given by:
where v t is the monodromy of p ∈ K ⊗ A 3 . 
is gapped at G andg(0) = 0, then:
where:
withŵ t being the monodromy of the projectorq G = χ (−∞,G] (f ).
Proof. According to the standard definition of the index map Ind : It is important to keep in mind that any lift will do, as the defining relation (5.9) is entirely independent of the choice of this lift. Furthermore, even though the elements appearing in (5.9) belong to the half-space algebra A 3 , the K-element there belongs to K 0 ( A 3 ).
From the previous proposition, the input for the index map in (5.7) is
where v t is the monodromy of p G . While the lift is known to always exist [32] , there is no generic algorithm to construct it. As such, our main task is to express this lift entirely in terms of the given data. A key observation is that the monodromy v t
Our task reduces to finding a lift of:
wheref enters the picture. Indeed, observe that:
and since the map ev is an algebra endomorphism, it commutes with the functional calculus. We then automatically have:
The conclusion is that:
Note also that:
We reach the following important conclusion:
Sinceg(0) = 0, the following simplification occurs:
Hence, 1 −q G (0) commutes with 1 0 0 0 , and we have the relationŵ 2π 1 −q G (0) = 0.
The statement follows.
In the previous chapter, we concluded that there cannot be a periodic gapĜ(t) in the spectrum ofĥ(t), using an argument based on the spectral flow. We now have a second route to arrive at the same conclusion. Proof. If Spec(ĥ) ∩ G is not the full G, thenĥ is gapped at G and we do not needg in the expression off . But in this case the lift involved in the index map is trivial,
On the other hand, the action of the connecting maps on the generators of the K-groups are known explicitly [28] . In particular, the top generator [e {0,1,2,3} ] 0 (in the notation of [28] 
Therefore Spec(ĥ) ∩ G needs to cover G entirely. .
Physical interpretation.
We now return to the physical systems described at the beginning of the chapter and illustrated in Fig. 5 . Suppose we prepare the systems in an initial state by populating the entire spectrum below the gapĜ(0) ofĥ(0) describing the blue system in Fig. 5 . This is possible because the systems are fully decoupled at t = 0. The adiabatic theorem assures us that the state of the blue system evolves, after The conclusion is that surface states carrying a Chern number equal to ∆α ME have been pumped from continuum spectrum. Since all the blue states were fully populated, the only possibility is that the surface Chern states have been transferred to the surface of the green system.
To see this more directly, let us introduce a magnetic field perpendicular to the surface, such that the surface spectrum forms Landau levels. The flow of the Landau levels in the absence of the coupling is shown in Fig. 6(a) . It was obtained by super-imposing the flow from Fig. 1 over its mirror image. When the coupling is introduced, the blue and green Landau levels can hybridize and avoided-crossings can emerge. We can design a specific coupling, which produces only one avoided-crossing as illustrated in Fig. 6 (b). Let:
be the spectral projector of the initial system onto the energy interval [E − , E + ] shown in This assures us that only the states inside the spectral interval [E − , E + ] will be affected bys(t). By construction, there are only two Landau levels inside this interval, hence the hybridization and the avoided-crossing shown in Fig. 6(b) .
Now that the spectral flow in Fig. 6(b) was established, we can easily follow the adiabatic evolution of the Landau levels. Recall that we start at t = 0 with all the blue Landau levels populated and the green ones empty. Then we can see that the first blue Landau level evolves into the first green Landau level, counting from the gap, while the rest of the blue Landau levels fully re-populate the blue states. As such, the only difference is the populated top green Landau level at the end of the adiabatic cycle.
In general, the number of Landau levels that are transferred to the green system will depend on the surface-to-surface coupling. The coupling can vary drastically from one material to another. However, Proposition 5.3 assures us that the number of populated green levels minus the number of un-populated blue levels is independent of the coupling and is equal to ∆α ME . Using the flows of Landau levels, the statement remains the same even if the quantum states of the green system are partially populated instead of being empty.
Experimental predictions II.
We list below our experimental predictions based on the index map calculations.
• Suppose in the lab one has two copies of the same topological insulator, both halved and coupled as above. If a bias potential is maintained between the samples, then a change of the total surface Hall conductance equal to ∆α ME will be observed during the adiabatic cycle.
• The surface of an insulator can be prepared in a topological Chern state via the proximity effect described above. Having the quantum states of the second system fully depopulated is impossible for condensed matter systems but this proposal can be tested with photonic and mechanical topological insulators.
